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The far field of a lifting three-dimensional wing in transonic flow is analysed. The
boundary-value problem governing the flow far from the wing is derived by the
method of matched asymptotic expansions. The main result is to show that corrections
which are second order in the near field make a first-order contribution to the far field.
The present study corrects and simplifies the work of Cheng & Hafez (1975) and
Barnwell (1975).

1. Introduction

This paper is concerned with the transonic flow over thin lifting wings. In particular,
the flow far from the wing is discussed. A number of authors have studied the transonic
flow far from wings and bodies. One of the most important contributions to our
understanding of these flows is the transonic area rule. This area rule (see, e.g.
Oswatitsch 1952) states that the transonic flow far from a wing-body combination
is the same as that produced by an equivalent body of revolution having the same
axial distribution of cross-sectional area. This rule has been established for slender
bodies by Oswatitsch (1952) and Cole & Messiter (1957). Spreiter & Stahara (1971)
extended this to non-slender wings, i.e. wings having an aspect ratio of order one.
Ashley & Landahl (1965) also extended the theory to include wings at an angle of
attack comparable to their thickness. Generally, the area rule is deduced by deriving
the boundary-value problem governing the flow far from the wing or body; this
boundary-value problem is seen to be identical to that for a slender body of
revolution, provided that the streamwise rate of change of cross-sectional area is
the same for both.

Hayes (1954) has pointed out that the transonic area rule fails when the volume of
the wing is sufficiently small. Cheng & Hafez (1972, 1973, 1975) and Barnwell (1973,
1975) have studied the effect of lift on the transonic area rule. The study presented
here treats the case of a lifting wing with no thickness. With this simple case it is
easy to illustrate the basic theory and the main effect of lift on the far field. The
boundary-value problem governing the flow far from the wing is obtained through
a straightforward application of the method of matched asymptotic expansions.

Our main interest here is in the basic theory of lifting wings in transonic flow; for
a more completediscussion of the flow from a physical point of view, and of extensions
to the basic theory, we refer the reader to the references cited above.

In §6 we review and discuss the previous investigations of Cheng & Hafez (1975)
and Barnwell (1975). In most respects our work agrees with the above authors. How-
ever, there are important differences in our expressions for the boundary condition
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Ficure 1. Sketch of wing and co-ordinate system. (a) Plan
view; (b) rear view, r = (22 +y?)t,

for the outer flow; the disagreement with the results of Cheng & Hafez is due to
fundamental differences in the matching.

2. Mathematical formulation

The co-ordinate system used is sketched in figure 1; the origin is taken at the nose
of the wing, the z axis is aligned with the undisturbed uniform flow, and the z axis is
taken as approximately perpendicular to the wing surface. A typical wing has been
sketched; it has a length I and a span of 2b. The equations defining the wing are

zyb
z2=X(z,y;l;b;a) = alZ (—, —;—)
1’1’1

for a,(x/1) < y/l < ay(x/l); the functions a, and a, give the leading edges of the wing
as well as the outer edges of the trailing vortex sheet. The function Z is taken to be
some sufficiently smooth function of = and y. Because it defines a single surface in
space, the wing has no thickness. The aspect ratio is taken to be of order one;i.e. b/l
will be assumed to be of order one. To eliminate unnecessary writing, the independent
variables #, y and z will be scaled by I/; otherwise the quantity /! = O(1) will appear
throughout the calculations. For the sake of simplicity Cheng & Hafez (1975) assume
that Z is such that there are no singularities at the leading edges. In fact, they assume
that the velocity perturbations are zero at the leading edges and the outer edges of the
trailing vortex sheet; here we assume this as well. By making this assum ption we
avoid the difficulties associated with leading edge singularities and separation addressed
by Barnwell (1975). The small parameters of the problem are a, which gives a measure
of the angle of attack of the wing, and M2—1, which indicates that the flow is
transonic; here M, = U /a,, where U is the speed of the undisturbed uniform flow and
a, is the ambient sound speed.
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The flow is assumed to be irrotational; a velocity potential ¢* therefore exists and
the inviscid equations of motion of a perfect gas may be written

v T(TETE) < v

where

_ * *
at=aj+ L3 I[Uz—v¢ AL ]

a is the local speed of sound in the gas and the 7 is the ratio of specific heats. The last
equation is just the Bernoulli equation for steady isentropic flow. The velocity
potential ¢* contains a part due to the uniform stream and a part due to the per-
turbation of the wing. It will be convenient to work with the equation for the perturba-
tion potential, ¢, defined by

¢* = Uzx+¢.

In terms of ¢, the equation of motion is
2
Ut Ugs 99124 V9. 9(50) = aaveg,

2
@t = a- (y—1) [Ug.+ 2L,

exactly. The boundary condition on the wing is
¢z=(U+¢x)ga:+¢ygu (2)

onz = Z(x,y;l;b;a). As 22 +y?+22—> o0, it is further required that {Vg|— 0.

In the following sections, solutions to (1) and (2) are sought which are valid for small
a and MZ—1.In § 3 the solution valid near the wing is derived; this will be called the
inner solution. Because the inner solution neglects certain nonlinear terms in (1}, it
fails to give a valid description of the flow at large distances from the wing. An
approximation to (1) which is valid at large distances from the wing is derived in
§ 4. There it is shown that, to lowest order, the flow is governed by the small disturb-
ance transonic equation; the region in which this is valid is called the outer region.
The boundary condition satisfied by the first term of the outer expansion is obtained
by a matching with the inner solution; this is done in § 5. There it is seen that every
term in the inner solution contributes to the boundary condition for the outer problem;
the resultant boundary condition for the outer problem will therefore be an infinite
sum of terms. The outer expansion will be written

¢ = Ulfy @y(Z,7, w) + o(fy),

where # and ? are just scaled values of « and r (see figure 1b); the function @, will be:
shown to satisfy

1 Mi—1

1
(Do#‘i‘; q)oﬁ‘;i D@y, = A Doz + (v + 1) Doz Pozz,
" (3)
D\(%,7, w) ~ ?—(;—) +b(%) [In2? + cos? w] + c(F) InP +d(&) + ..., }

as #— 0, and #-1Q,, Opp, Pz — 0, as # —>co. Here the dots indicate terms which are of
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order #In3# and higher in #. An analogous result has been obtained by Cole & Messiter
(1957) for the case of a slender axisymmetric body in transonic flow, see, e.g. their
equation 5.9. Note also that the terms shown in (3) are singular as # - 0, whereas the
unwritten terms vanish in this limit. In §5, it is further assumed that ®, may be
uniquely determined by a specification of the singularities at the axis; we may there-
fore truncate the infinite series and write the boundary condition as

@, ~ %+b[ln2?+coszw]+cln?+d

as > 0.

3. Inner solution

In the inner region the velocity potential ¢ and the independent variables z, y and
z may be scaled as follows:

p=Ulp, 2=I% y=Ifj z=1I,
provided b/1 = O(1); where &, §f and Z are of order one in the inner region. Equations

(1) and {2) may now be written as

a V 2 2
M3 ﬁ+——~|V<p[2+ch.V(-|——gl—)] = %Vch,
oz 2 a (4)

az |VCP|2
o= 1= (= 1) M3+ )
with
Pz = a[(l +<Pi) Zi+q’l7zl7] on zZ= az(ii?y), (5)

where all derivatives are now with respect to &, #, 2.
Equations (4) and (5) will now be perturbed for small & and M2—1; the inner
expansion is written

@% = go o+ 91 P11+ 0(32), (6)

where the g,’s are the as yet undetermined inner gauge functions. When (6) is sub-
stituted into (4) and (5) and when the coefficients of like powers of o and MZ—1 are
equated, there results a set of boundary-value problems, each of which is of the form

Viy = #@3.%) }
Va(d,0%) = f£(@), a1 <F < ay

where V3 = 02/02%+ 0%/05?%; here & only appears as a parameter and its dependence
has not been explicitly shown. At this point it is useful to review the method of solution
of (7); this will not only give a simple formula for the solution, but will also clarify
certain of its features.

Solutions to (7) are not unique; the operator is elliptic, but boundary values are
only specified on a slit Z = 0%, a, < § < a,. It is easily seen that any two solutions of
(7) differ by, at most, a harmonic function. In this paper the arbitrary harmonic
function is determined by matching to the outer solution. We first decompose the
solution to (7) as follows:

(7)

§[f = ¢p+¢H’ (8)
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where i, satisfies
Vivm =0,
¢H2=fi_¢p§ on z=0:t) a1<?7<“2-
In terms of the complex variables { = 7+ and { = #—i2, the above equation for
¥, may be written ~
'ﬁpgz = iﬁ(g, g);

thus ¢, may be obtained by integrating with respect to { and ¢:

vo=1f[ Fe D,

and i satisfies

where 57, is any harmonic function and is composed of the two arbitrary functions
of integration. Because the function % is given, the indefinite integral U FdEdE can
be calculated explicitly. At this stage, it is convenient, but not necessary, to choose
H,,; the choice of 5, will only affect {5 and not the final result for yr. This will be
chosen such that i, is some simple known function, say ‘¥, e.g. when &# = 0, 5, will
be taken to be zero as well. We now discuss the harmonic part of the solution y,.
Because no conditions at infinity are given, ¥y will be arbitrary; we may always
rewrite 1 as

. ')&H = wI,I-i_‘%H,
where r; is defined by
¢-I’Iz =fi—\F%' on Z= 0%, ay <:’7 < @y,
and Vi ~bylnF+b,+... as F->o0.

The function #% may be any function satisfying
Hgz=0 on Z=0% a, <7 <a,
The solution for ¥;; is well known (see, e.g. Ashley & Landahl 1965):
L1 e, 1 (a3
Vi = %fa‘ [Yasllnr dy + *2;‘[% [Vx] 7 dy, + K,

where 7, = {(y, —#)?+7%}} and the square brackets indicate the jump in the quantity
across the slit. Thus, ¥y is given by

1 fas 1 [a z 1
Yy = Z’J‘al [f[-¥:]Inr di’/u““é;rfal v2% ;‘%d?h"‘K"“’fI[
1 [ z
~5x | B
When this is substituted in (8) and the fact that [i/5] = [{ —¥'] is used, we have
v Lo winr dy +— [ -1 S dy, + K
¥ = +% al[f_ z]Inr dy, o - 7,_%?/1

Z

dy,. (9)
7,% 1

1 fo
+#y _%J‘ (%]
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Thus, (9) gives the desired solution to (7) in terms of the known functions f(7) and
Z (#,%) and the unknown harmonic function 5#%. It is clear from the above results
that when & is not identically zero, the particular solution will induce a source or
doublet distribution on the slit; this is due to the fact that the second and third terms
in (9) contain [¥;] and [¥] in their integrands. In the theory presented here the con-
stant K and the harmonic function 5% (#,%) may also be functions of Z and «.

We now return to the equations (4) and (5); when (6) is substituted in (4) and (5),
we find that

VB3py =0, @uz=Zz&,§) on Z=01% < ¥ < ay,
provided we choose g, = a. The solution to this is given by ( ), with¥ = 0:

a2 2 z
Po = Q;J‘al [¢oz] In7y dy1+_27’fal [%"%];ngyl'*'Ko(x) +#y(x, y, 2).

Because ¢ is continuous across the wing the first integral may be dropped. Further-
more, the above boundary-value problem is satisfied by functions ¢, which are anti-
symmetric in Z, i.e.

Po(Z) = — @o( —2).

Here we will assume that both ¢, and 5 have this symmetry; hence, K (%) = 0 and
o o s 1 [o Z
¢o(£,7,2) = e [@0‘%]ﬁdy1+%~
a1 1

In order to obtain higher order terms in the inner expansion, it will be convenient to
anticipate some of the results of matching to the outer solution. The inner expansion
of the outer solution is essentially the inner boundary condition for the outer problem;
this must be matched to the large 7 expansion of ¢,:

1 sin w

%0 ~ j Lo — 51 dyy + 1 OG-2),

where 5, has not yet been expanded and sinw = Z/#, cos w = §/7. We require that this
boundary condition contain at least the doublet

1 sin w
f (0] s

this will only be possible if, at large 7, #; = O(7'), at most. Thus, the matching gives
the large 7 behaviour of J#;; 5, therefore satisfies

Vi, =0, Hp=0 on Z=0, a,<F<ay,

Hy=O0(Ft) as F—>o0,

which implies that
1 (o z
Hy = gfal [yfﬁ];%dyl-

Thus,
. 1 [ Z
Po(&,7,%) = [y o [(PO];%dyl' (10)

This gives g, in terms of its jump across the wing and trailing vortex sheet. This
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jump is not known a priori; (10) leads to an integral equation for [¢,]. Because the
primary concern here is the flow far from the wing, it will be assumed that this integral
equation has been solved and that [¢,] is known everywhere on the wing and in the
trailing vortex sheet.

For the purposes of matching, the large # behaviour of ¢ is of interest; this is

F(z)si 1
%N_z(;i)slf}mo(ﬁ), (11)

r

where
Fi#) = f [oalds.

This is immediately recognized as the potential due to a line doublet.
We now discuss the solution for ¢;. Substitution of the inner expansion (6) in (4)
yields

o [v+1 o[y+1
Py Pm = 2Pz [—2 bz + Phy + @éz] +a91{23—£[1§~ Poz P1

+ Poy P15+ Poz ‘Prz] +(7—1) 9oz Vi o1 + (M5 — l)a%zi}

v+1

v—1
3 P8z Pozz T+ 5 Pozz( P8y T Pz) T Poy Posy T+ Pbz Poxz

+ a3{

+ 290z Poy Pozi + 2Poz Poz Pozz + 2P0y Poz (10052}
+O[(ME—1)a?, (ME—1)g,]+0(c? ag,), (12)

where use has been made of the fact that V3 ¢, = 0 and that g, = . In a similar manner
the boundary condition (5) may be expanded to yield

¢g = aZiz—aM{Z; 9oz + (Z <Poz/)z7} +ag{Z; orz+ Z;, P15 — ZPras}
Z?.
+ 0‘3{ZZ£ Posz (_2‘ CPOBE) } +o(ad, agy), (13)
p

at Z = 0. Here the usual Taylor series’ expansions have been used to transfer the
boundary condition from the wing surface to the Z = 0 plane. In order to save space,
the left-hand sides of both equations (12) and (13) have been left in terms of the
exact potential ¢; these of course, must be expanded in (6) when the actual calculations
are performed.

At this stage, it is necessary to discuss the size of the (M3 — 1) g,z term appearing
in (12). In many theories of transonic aerodynamics, the matching of the near- and
far-field solutions establishes a relationship between M3 — 1 and the thickness or angle
of attack of the wing or body. If, in the present case, we were to make no assumption
about the size of M3 — 1, the matching would show that

M2—1 =0,

where ¢ is the ratio of the inner and outer length scales and is related to the angle of
attack, o, through the equation

oL =

gt
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In the following, we shall anticipate this result and use it wherever it is convenient;
the reason for doing this is to keep the discussion of the inner expansion as concrete
as possible.

We may now identify g, and the boundary-value problem for ¢,; this is

Jfy+1
Vig, = %[V ®%: + Ppy + <P0z] (14)
with
P15(T, 0F) = Zz 9oz + (Z o)z

for a,(&) < § < ay(%) provided we take g; = o2 In appendix A, the result (9) has been
used to solve equations (14) for ¢,. Under the assumptions stated there ¢, may be
written

f [‘POy]Z 1d?/1+% CPO):c—"_f (9ol ZzzIn7 dy,
Y+1 {\FI// J. [ //r]lnrl dyl}-f-f( )

and the large 7 expansion of ¢, is

y+1

S &, . o
Py ~ 2—ﬂlnr+%(m)+§§;ﬁ

1
(F'2)'(In?# + cos? w) + 0(1“;, f) ,

where ¥ and y/%(7, 0; &) are given by equations (A 7) and (A 5) respectively, and

dS(%)
di

6(#) = — f (ool Zazdy,, 1(2) = — f [¥4]dy,,

Y+1

S'(#) = I(&),

= G(&)+

and J'(%) is an arbitrary function of Z; it may also have a weak, e.g. logarithmic,
dependence on «.

Inspection of (A 10) shows that ¢, contains a source-like term as well as one which
depends nonlinearly on the lift F'(#). Because [¢,] + 0 on the trailing vortex sheet,
G(&) + 0 there; hence, the source has an afterbody associated with it. The results
obtained here are equivalent to those obtained previously by Cheng & Hafez (1975).

It is clear from equations (11) and (A 10) that the inner expansion (6) breaks down
at large values of #; this is because nonlinear terms in (4) play an important role
far from the wing. In the next section the nonlinear equation governing the flow far
from the wing is derived.

4. Outer region

Far from the wing the § and Z co-ordinates must be stretched relative to the #
co-ordinate; thus, we define the outer variables § and 2 by

§ =68y, %=68(n)3
where § = o(1) as 2 — 0. The outer expansion is written

CPO = fo(d) <I)0(‘/‘-57 y,ﬁ) + O(fo)-
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For the sake of simplicity we shall assume that @, is also a weak function of « or §(«),
e.g. logarithmic in . The results we obtain will be in accord with those found by
Cheng & Hafez (1975). The advantage of the procedure used here is that we need only
to discuss a one term outer expansion. Barnwell (1975) has approached the outer
expansion from a different point of view; he primarily discusses three terms of an outer
expansion having gauge functions which may be written

fO fO

where the coefficients of these gauge functions are now independent of «. The dots
indicate the higher-order gauge functions;aninspection of higher-order terms suggests
that this is an infinite sequence of terms of the general form f,/|In 8|3», where » takes
on integral values. The relationship between the two approaches is clear; the outer
expansion of Barnwell results from expanding our ®(Z, 7, w; In 8) for small §. One can
show that the results obtained by either approach are equivalent to the appropriate
order.

When this scaling and outer expansion are substituted into the exact equation of
motion (4), this equation becomes

o ({y+1
o Do+ Dus) = (M= 1)y o +18 5 = V) +0(0%o, (M= 1) D)

We now require that the four terms which are shown explicitly balance in the outer
region; thus

o=4fy and Mi—1=0(fy) = O(?),
and the equation satisfied by @, is

2
Qg+ Dozo = M—gleq)oﬁ*"a%(‘ygl (D(2)1) (15)
The outer equation is immediately recognized as the three-dimensional, small disturb-
ance, transonic equation. The boundary condition for this equation must come from
a matching with the inner solution; this we carry out in the next section. In addition
to providing the boundary condition for the outer problem, the matching determines
the scale factor & explicitly in terms of a.

5. The matching
In this section the inner and outer expansions are matched. For the sake of sim-
plicity, Van Dyke’s (1964) matching principle is used. The more sophisticated tech-
nique of intermediate expansions gives results identical to the ones presented here.
The two term inner expansion reads
¢' = apg+atp, +o(a?),

where ¢, and ¢, have been given explicitly by equations (10) and (A 9), respectively.
The one term outer expansion is given by

CPO = fO (DO(E’ g>,2) + O(fo),
where § = 8(a)%, 2 = §(«)Z and & =f5} = 0(1). As we have already discussed, we will
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regard @, as depending logarithmically on &; furthermore, we shall take @, = O(1)
as a— 0. To match these two expansions, the inner expansion must be cast in the
outer variables and expanded to order f,. Because 7 = #/4, the large 7 expansion of
®o and ¢, will be useful. The resultant expansions are

3 2
0 ~ 6£s1na)+0(§_)

2n 7 )
S ¢ yHLF? P \ s 76
2% ——-1 6\+X+ 167 T} (In S\+COS (1))+0 ;lng,%‘).
We now introduce
]
x*—fw-—l o+ 7’“(1Fﬂ) In?§;

in order that ®, = O(1) as a — 0, we require that 4 ™* = O(1) as a — 0. Thus, the outer
expansion of the inner solution reads:

F sinw S’ (F'%)
o~ 2|2
(9% aé‘ T {[277 (y+1) oo 2ln6‘:| In#
e YHLER) L, 2
+ A+ 2 16t (In2? + cos? w);. (16)

Here we have dropped the terms of order ad? = af, which resulted from the expansion
of ¢, and the terms of order «?¢1n ¢ and da? which resulted from the expansion of ¢,.
The first of these is clearly o(f,) and, if we anticipate the result, a? = §2/|In 48| as
discussed in § 3, the second set of terms is also seen to be o(f,).

When the outer solution is written in terms of the inner variables 7, w, & we have

= fo Do, 67, w); (17)

thus the boundary condition for the outer problem is applied as # - 0. The matching
principle requires that (16) and (17) match as a — 0; hence

(7 F sinw S’ (F'?)
o ©o(Z, 7, ~6‘a% p +a? {[———(y+1) o 2ln6‘}ln?
(y+1) (F2)
# WV ) 2 2
+ A+ 7 1oz (In2# + cos? w);. (18)

Fraenkel (1969) has pointed out that terms containing logarithms, viz. the term having
a? as a coefficient in (18), should be matched as a single term. With this in mind, we
see that the appropriate choice for f, = ¢% is @?/Ind|, which further implies that
& = 8(e)is given implicitly by

a? = §%f|Ind]. (19)
Thus, the matching requires that, as #— 0,
N 1 Fsinw [§8 1 (F'?)
Col®20) ~ g e 5 [% Mo "+ ez 2} In?

LA Ly i(FY
o] © ne] 2 16a2

According to the analysis presented so far, this is the boundary condition for the

(In2? + cos®w),  (20)
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outer problem. When the third-, fourth-, and higher-order terms of the inner expansion
are calculated, they also make a contribution to this boundary condition; in fact, the
actual boundary condition is an infinite sum of terms. This is to be expected as we
seek the asymptotic expansion of @ as # > 0 rather than its value at # = 0. As an
example, we could continue the inner expansion (6) to include third- and fourth-order
terms

¢ = go o+ 91 Pr+ g2 2+ g5 P53+ 0(gs)

where an inspection of equations (12) and (13) shows that g, = (M2— 1) and g, = a3.
The procedure of this paper could be applied to these higher-order terms to determine
their contribution to the boundary condition (20). It may be shown that when ¢,
and ¢z are included in the inner expansion we must add the following quantity to (20):

lln}é’alé{F ;’s1nwln5’+&9fr} = 18]%{Y+lrsmw[2(FB) In3#

+(F'(A' =B —2IndB)) In*? + (F'(3B' — A’ + 2%
+B'In8))'ln?—(F’B’)’coszw]+89f’§},

Here £ = M3—1/6% A =8"/2n, B=y+1(F'?) /3272 and #¥ and S} are harmonic
functions proportional to #/4. In like manner we could alsodetermine the contributions
of higher-order terms; these contribute terms of even higher order in #. In order to
simplify the boundary condition for the outer problem, we now make the assumption
that the outer problem is well-posed provided that the singularities in ®, at # = 0 are
specified. Because the higher-order terms, i.e. the terms g, ¢;, ¢ > 2, in the inner expan-
sion contribute terms which vanish as #-> 0, we may truncate the boundary condition
to include only those shown in equation (20). Thus, the outer problem may be written

1 1 Mz2—-1
(Dm+?_(po;+ﬁq)0”=%@055+(7+1)®05®05z>
where, as?— 0,
1 Fsino [8§8 1 3 P
P 0) ~ e T gt O+ D o |
H* 1 (y+1\(F?® ., 2
+|1n3f+|1n3‘ ( ) 1672 (Inf +eosto), — (21)

and, a8 #-> 00, #71d,,,, Dgs, Dy —> 0.

Here we recognize the first term as a doublet and the second term as a sourcehaving
strength (8'/27)(1/|Ind|)+ (y+ 1) (F'?)' /1672 The first part of the source is due
to the nature of the second-order velocity perturbations on the wing and the
part depending nonlinearly on the lift is due to the fact that the flow in the neighbour-
hood of the wing, i.e. # = O(1), appears as a source flow when viewed from the far
field. We note also that in theories of transonic flow not involving lift, the solution
to the outer problem only depends on M2—1/(y+ 1) 4%, i.e. the similarity parameter
of the problem. Here the solution also depends on (y+1) and Ind; hence, in lift
dominated flows, no simple similarity rule holds. Furthermore, it is clear that no
conventional area or equivalence rule applies for the wings treated here. We refer
the reader to Cheng & Hafez (1975) and Cheng (1977) for a further discussion of equi-
valence rules applied to lifting wings.
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Throughout this paper we have confined ourselves to wings having zero thickness.
The effect of a wing’s thickness is easily incorporated and we will now give a brief
discussion of it. The equation of a wing having thickness can be written

F=aZ +717,
where the subscript v will always denote functions associated with thickness effects.
The inner expansion corresponding to (6) would be
o' = agy+ 7o, + oo +....

If we now proceed as we did in § 3, we should find that

1 o
Py = 7_Tf valnrldy1+‘9{1‘v
a1
and, as ¥ — o0,
1 . 1
Py ~ E;Svlnr+%+0(;),
where
as
Sv = 2f Zv:’é dyl'
ay

When this is cast in terms of the outer variables we have

1 3
0 e * —
(90)° ~ 5= SyIn?+ 73 +0(?),

where ¥ = A, —(S,/27)Iné = O(1). Thus, the thickness would contribute
T[(S,/27) Inf + A }]

to equation (18). Inspection shows that the thickness and lift have an equal effect
on the outer problem provided 7 = O(f;) = 0(82), where ¢ is related to « by (19). An
examination of higher-order terms shows that this is the only additional singularity
generated by the introduction of the thickness; thus, provided 7 = O(4?), the thickness
contributes 7/82(S,/2m In? + " ¥] to the boundary condition in (21). Generally, when
T *+ O(6%a)), where d(a) is given by (19), we may neglect either the lift or thickness
when calculating the outer flow. For example, when 7 = O(«), the matching requires
that f, = 7, & = 74 and that the boundary condition is

@y~ S2Inf 4}

as?—> 0. When 7 = O(a?), the matching yields the same results as in the zero thickness
case; in this case the thickness effects may be considered negligible for the purposes
of calculating the far field.

6. Discussion of previous investigations

In this section we discuss the investigations of Barnwell (1975) and Cheng & Hafez
(1975), comparing their results and procedures to ours. Both papers give derivations
of the boundary-value problem governing the flow far from a lifting wing; their
procedures are seen to differ considerably in both appearance and content from each
other and the present study.
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We first discuss the work of Barnwell. It should first be mentioned that Barnwell
uses a body oriented co-ordinate system in contrast to the wind oriented system used
here; hence care should be exercised in comparing Barnwell’s work to either ours or
Cheng & Hafez’s. Barnwell also provides a discussion of the effect of leading edge
separation; this complication will not be discussed here. Barnwell first presents an
inner expansion which contains gauge functions which are logarithmic in the ratio
of theinner and outer length scales. Although our inner expansion proceeded in integral
powers of @ and M2%— 1, we allowed " and 5#%(7,%) in (9) to depend on «; thus, the
resultant inner expansion is seen to be equivalent to that of Barnwell. A further
examination of Barnwell’s inner expansion shows that Barnwell has omitted the
following term,

7 92¢, 7 2¢,
Nl T TRl

from his boundary condition (19). This produces an error in the strength of the equi-
valent source given by H(Z) in his equation (68).

Barnwell also presents a very careful study of the outer solution. As we mentioned
in §4 he finds the equations governing three terms of the outer expansion; in his

notation these terms are
€; Dy +e, Oy 463 Dy,

where ¢€,, €, and e, are the outer gauge functions and ®,;, ®, and ®, are independent
of any small parameters. The lowest-order term satisfies the small disturbance tran-
sonicequation and @, and @, satisfy linear equations which have coefficients dependent
on the lower-order ®,’s and their derivatives. To match the inner and outer expansions
he needs a small 7 expansion of the ®,’s. To obtain this he uses the iterative technique
of Cole & Messiter (1957) to solve the differential equations governing ®,, ®, and @,
for small values of 7; this assures us that the inner expansion of the outer solution
satisfies the outer equations. For the sake of simplicity, we have presented a more
intuitive approach to this than that presented by Barnwell. Essentially, we have
tacitly assumed that a small# expansion of our outer solution will contain all the terms
necessary to match. It is easy to show that when such an iterative procedure is applied
to our outer solution, a boundary condition results which is identical to the one pre-
sented here. Once Barnwell obtains his expansion of the outer solution he matches this
to the large 7 expansion of the inner solution. Except for the error in the source
strength mentioned above his results are in agreement with those given here.

As a final remark we note that Barnwell states that an intermediate expansion is
necessary in order to match the inner and outer expansions. He bases this on an
examination of the large 7 expansion of the inner solution (his equation 67) and the
small 7 expansion of the outer solution (his equation 68). Because the leading term in
(67) is a dipole and the leading term in (68) is a source, he concludes that an inter-
mediate expansion is necessary. In §5 we used a rule concerning the matching of
logarithms; if this is applied to Barnwell’s expansions (67) and (68) it is clear that they
may be matched without recourse to an intermediate expansion.

We now discuss the results of Cheng & Hafez. Of the two previous investigations
the procedure of Cheng & Hafez has the closest resemblance to ours. Their inner
expansion can be shown to be the same as ours and they use a one-term outer expansion
similar to that given here. Throughout their paper, Cheng & Hafez use an elaborate
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parameterization scheme. They also correctly state that their results are valid for
A =b/l = 0(1); this appears to be inconsistent with the parameterization scheme.
Specifically, in equation (2.10) they introduce a parameter

Ty = 8/(y+1)A%In¢l,

where ¢ is the ratio of inner and outer length scales analogous to our §; they further
require that I'y be non-vanishing as e 0. This would seem to imply that A must vary
as [In¢|~% which violates their A = O(1) assumption. However, this inconsistency in
the parameterization does not affect the final results.

In §4.3 the outer equation is introduced and a small 7 = er expansion of the outer
solution is given. In §4.5 the matching is carried out for the case corresponding to the
one discussed here. The boundary condition for the outer problem is given by their
equation (4.12); this is seen to disagree with our boundary condition (21). Specifically,
the terms

6, D ’ ’ ’ :
o [Dy(x) (") cos w + |In€’|~Emgy(n’) 2 sin 20]

appear in their equation (4.12), but are absent in ours. It may be shown that these
terms correspond to the O(6%/7#2) term found in the outer expansion of ¢, and the
O(07-1In#/8, 8/?) term found in the outer expansion of ¢, ; these higher-order terms must
be truncated in the matching. In a later publication, Cheng (1977) discusses the
application of this theory to particular wing configurations; the boundary condition
used in this study is equivalent to the one derived here.

With the exception of the errors mentioned above, the results of Barnwell (1975),
Cheng & Hafez (1975) and the present study are in agreement. The study presented
here approaches the problem from a more fundamental point of view and is therefore
believed to be more accessible to the reader.

7. Conclusion

We have presented a theory of thin three-dimensional wings without thickness in
transonic flow. The boundary-value problem governing the flow far from the wing
has been derived. The calculations presented here are intended to be simpler than those
of the previously published studies; they also correct errors found in these earlier
studies. Both the previous investigations and the present study show that there are
effects which are of second order in the near-field which produce first-order effects in
the far-field.
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author is indebted to Drs R. C. Ackerberg, R. E. O’Malley, W. R. Sears and A. R.
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Appendix A. Solution for o,
Because of the linearity of the Laplacian it is permissible to break ¢, up into three

parts:

fr=¢ +o" +iy+1)¢",
where ¢’ satisfies
Vie'=0

o" satisfies
, 0
Vie" = o= (#fs + 9b)
with 9y = 9oz Zz on Z=0%f a; <7 <a,,
and ¢" satisfies
0
Vig' = 2 (ko)

with 9z =0 on Z=0% aqa <7<a,

Equation (14) admits solutions for ¢, which are symmetric in 2, i.e. ¢,(&) = ¢,(—%2).
In the following we will assume that ¢; as well as ¢’, ¢”, and ¢” are symmetric in 2.
The above problem for ¢’ is homogeneous; thus, we will not only take [¢] = 0,
[#h] = Oand f = (@43 Z); in (9), but ¥ = 0 as well. Thus,
! 1 aa ~ ?
¢ =5 ([Poz] Z)y, Inrydy, + H (E)+H#7,
where 57’ is the arbitrary harmonic function found in equation (9). An integration by
parts yields

1 w_ L[ h—¥
= —{] . — AL !
% 271{ n 7@yl Z} o 27Tfa1 [Pos] Z 2 dy, + A +H

Here we follow Cheng & Hafez (1975) and require that [¢,;] = 0 at the leading edges
of the wing and the outer edges of the trailing vortex sheet. Thus,

' 1 @ J— ~ ’
o = gn | e 2y, i)+ (A1)
@ 1
The large 7 behaviour of ¢’ is
, . COSw [ .- - 1
o ~ A0+ g | L) Ly + G038 +0( 7). A2)
7 ) ay F

In the large # expansions of ¢’, ¢” and ¢”, we will not expand the arbitrary harmonic
functions; this behaviour must be obtained from the matching.

We now derive the solution for ¢”. The function % (¢, {; ) in § 3 is seen to be equal
to 4(pg¢ @op)z; Cheng & Hafez (1973) have shown that when the arbitrary function
#, in § 3is taken to be identically zero, the function ¥, or here V", is given by

Y = (398)z
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and, from the boundary condition for ¢,, we have
Wi(§, 055 %) = @z Zz+ Po Zsz-

Thus, the solution for ¢” which is symmetric in Z is

n 1 ”n
" = (3ef)z— o [%] ZazInry dy, + Ho(E) + A7 (A 3)
For large 7,
1 1
o ~ 5o G@E) InF+ Ay (B) + A"+ 0(;), (A 4)
where
~ az
=- j [P0] Zz 931
(5%
Finally, we consider the problem for ¢”. The function # (¢, {; #) in § 3 is seen to be
(93a(L, £; %)) /0%, where
1

o8 = —%ﬂf@fﬂz[%z]l [%Je]z: 1§—y11_§} : 1_§—y2_§} dy, dys,

where [94z]; = [®0z] (¥;; &), ¢ = 1, 2. Cheng & Hafez (1973) have shown that ‘¥, or here
¥, can be written

- az[‘POz]l[CPoz]zl = ¢— Y1 du-d
64ﬂ28x.[a1f — 1, (g Us g yz) Y10Y;

a 2
+ 6_41772% :fa [Pozh In (€ —21) (E—¥y1) d?/l} ’
provided that we choose J7, (see § 3) as follows
ot = 61—,, 535 [2 7 roueh Lousls (€ =) €=+ In € =9:) €= s
*[o ] [<P z] £~y {—y
il | g e () + o (=) e

At % = 0%, Cheng & Hafez (1973) have also shown that

\FNI —

2G,058) = 25 2 1ou] G PY. [ lowhs (nlia—1+ - L5 au), @4 5)

where the P.V. indicates that the Cauchy Principal Value of the integral is to be taken.
Thus, the solution for ¢” which is symmetric inZ is

1 a
L ‘Fm_'277f Z[Tg,]lnrldyl_i_f3(5)+';fm’ (A 6)
ay
where, in terms of the real variables 7 and zZ, ¥ is
w_ __§ 0 [CPo:c]l [Pozls 1 71 1 of[= 2
== 1672 0% :f @ — Yy ln dyl dys + 1672 0% | J 4, [PozhInrydy,p , (A7)

and V¥ (7, 0+; ) is given by (A 5). For large values of 7, V" has the behaviour

In¥ 1

Y ~ —— (In?F + cos? w) (F'?)’ + O(T' ?) ’

1672
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where F' = (d/dZ) F(%). Thus, as f— o0

1 1 In7 1
L4 ~ 2~ 2 12\ ____ i
] 16772(1n 7+ cos?w) (F )+27TI( EYInF+ A, +H# +0( — ’f)’ (A 8)

where

=— f (V5 1dy,.

Thus, ¢, is given by the sum of the terms ¢’, ¢” and 4(y + 1) ¢”. The large # behaviour
of p, may be obtained by equations (A 2), (A 4) and (A 8); this may be written

oy ~ S-”2(—?lnf+f(i)+§;21(F’2) (In®7 + cos? w) + 7, + 0(1117,;),
where
§@ = B0 = g+ 1 1)
H(F) = fﬁfzﬂ;rl%
and
A wi8) =+ 0+ L,

As we did in the discussion of ¢,, we will now anticipate some of the results of the
matching to determine 5# for all values of &, 7 and 2. We will require that the boundary
condition for the outer problem contains contributions from ¢’, ¢” and ¢”; the only
way that this will be possible is #; = O(In#) at most, as # — co. This condition, combined
with the fact that J#, is symmetric in Z and satisfies

VA, =0 forall £%,4,Z
and Hs=0 on Z=0f a, <F<a,,

implies that 7 is a function of  alone. If we absorb this function of ¥ in 2'(Z) we may
now write

J (o] Z g- yl d?/l 3(93)z f (90 ZzzIn7, dy,

2t :ly 1 f CEYInr, dyl} +AE), (A9)

and as 7 — o0,

S'@) i+ e 4 5L (Y (10274 cos? In7 1
1~ 5 F+ A (F) +gog (F7?) (In?F + cos?w) + 0| —, 7). (A 10)
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